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Researches on the Multiplication 
of Elliptic Functions. 


By 


R. Fujisawa. 


J acobi, in one of the Suites des notices sur les fonctions elliptiques, gives, 


without demonstration, remarkable expressions of sn 2u, sn 3u, sn4u_ 
and sn 5u in terms of the differential coefficients of Ve l—2\(1— 2) 


3 . and Me an Ke) taken with respect to x’, whereby « stands for 


: snu.* Namely, writing 


| ad a 
JAI-PI- PA = 4, (SHE _ 


lL #B. 1 @B 
2.3 das 23 da 2 da? 2.34 d(x 
aoa & oA Lom A.) ea 
23 d@? 23 d@p 2 dix? 23.4 day 


+ Crelle’s Journal, Bd. IV, pp. 185-193, and Jacobi’s gesammelte Werke, Bd. I, pp. 266-275. 
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Jacobi adds “la lot général de la composition de ces expressions est 
aisée a saisir,” and further remarks that we shall have analogous 
formule by using, instead of the differential coefficients of A and B, 
those of 


] 1 
a/ x41 — x? 1 — kz?) and fs —a*\( 1 — 2r*) * 
z 


The general form of these expressions is, however, by no means easy 
to infer from the particular cases just given, and I have tried to trace 
among the writings of Jacobi, the steps which might have led him to 
these expressions, but without success, 

The present memoir is divided into two parts. In the first part, 
the multiplication-formuls of elliptic functions are derived from Abel’s 
theorem for the elliptic integral of the first kind. It will be seen that 
one of the results arrived at is the general formula in question. It 
appears, however, highly improbable that Jacobi obtained his formulze 
in this way. 

In the paper just alluded to, Jacobi gives, also without demon- 
stration, the partial differential equation satisfied by the numerators and 
denominator of the multiplication-formule. This partial differential 
equation has since been obtained by Betti,* Cayley,** Briot et 
Bouquet,t and others; but the final results to be obtained by 
applying it to the actual evaluation of the numerical constants involved 
in the multiplication-formule, has not, to my knowledge, hitherto 
been developed with much completeness or success, 

In the second part, Jacobi’s partial differential equation is derived 
in a manner which is most probably the one followed by Jacobi 


* Betti, Annali di Matematica, Vol. IV, p. 32. 
** Cayley, Cambridge and Dublin Mathematical Journal, Vol. II, pp. 256-266. 
+ Briot et Bouquet, Theorie des Fonctions Elliptiques, p. 529, 
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himself, and then applied to the investigation of the multiplication- 
formule. The present paper is thus composed of two parts, each of 
them having reference to the theory of multiplication but otherwise 
unconnected, 

Throughout the paper, I have adopted the notation of Mund, 
Nova, the only exception being that I write @,, 4, 4,, @ instead of 4 


and H, whereby I follow Jacobi in his lectures.* 


Part First. 
ee 


Denote the fundamental elliptic irrationality by s and the corres- 
ponding Riemann’s surface by 7’. Let S stand for an algebraic func- 
tion of 2, one-valued on the surface 7’, and of the order q, having for 
its zero-points 

Oerrawilebel.. ae 1 OS. see qs 
and for its infinity-points 
Sp {fv | 6}, y=], 2, 3, tonase qd, 


then Abel’s theorem is expressed by 


ey dz <1 dk» 
(1.) >3 oo er =O 


u=l1 yv=1 


Now S is necessarily of the form 


P+Qs 
R ’ 


where P, (@, £ are integral functions of z of the degree y, q—2 and 4 


* Jacobi, Gesammelte Werke, Bd. I, p. 501. 
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respectively. The numerator J’? + @s must be so determined that it 


vanishes in q points @, and, besides, in another set of ¢ points 
e, {>| —6>}, v= 1, 2, 3,...... q. 


It will be convenient to write @,,, instead of ¢,, and then P+ Qs 
vanishes in 2q points 
Ou {zy | Sut, p= 1, 2, 3,...g, g#1, ... 2g. 


Kquation (1.) then takes the form 


e <a diy 


Su 


(2.) = 0. 


wel 


We now take for the fundamental irrationality Riemann’s form 


a/z.1—z.1—Fz. 


and write 


sd dz 
h a/z. 1—zo 1 — Re? 


ou = 


so that . 


42> snuw. 


'l'wo cases are to be distinguished according as nis odd or even. 


§. 2. 


When w is odd, put n=2m+41=27—1, and let one of the 27 points 
in which P?+Qs vanishes, coincide with the point {¢|6} and the 
remaining (2/—1) points with the point {z|s}. Equation (2.) then 


becomes 
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dg dz 
(3) 6 + n rs i, 8 odd, 


and, writing P+ Qs in full, 


PH OSH (Ay + 2+ Ag? F012 NA (Dy HO, 2 + DP? +... #2"), 


we must have, denoting differentiation with respect to z by D, 


(Ag FE Me" ..-- mia Smart OF + d(6E) +... 40m. (66"-)=0, 
Mbt Og? bo iggy 242 Ds + O82) +...40,4 (62"-)=0, 


My + Ag22 +... Anim 1)2" + 0,Ds+ b,D(sz) +... +b, -.D(s2"") = 0, 


ee ee ee ee ee ee ee ee ee ee ee 2 ee 2 ee ee 


(4) | b6,D™*?s + b,D™*%(sz) +... 
+ 6. fet3 (ae) = 0; 
b, Ds + b,D"(sz)+... 

\ + b,,-, D™ (sz™) =0. 
Since dy, ,, .....- , bo, b, ... do not all vanish, the determinant obtained 
by eliminating a, @,, ...... » bo, b, ... must vanish, that: is, 

Be es an eee ee, 6C, i ee font 
AS Ae pia. 2 $Z, sz’, seas ee 
te See re (m+1)2", Ds, D(sz), D(sz), — °..... D(sz”") 
(5) (m-+1)!, D*t's, D®™*(sz), D™*'(sz%),...... YD cide) pets nt 
Deg, DP*%X32), D** (a2), 35... DP Tez") 
1 saiaee PRED oats SoD 2 aaling Cg Dt*(sz"") 
Pets EP ae),. Ler), .5<.. Dee") 


Let the expansion of this determinant sccording to the elemerits of 
the first row be written, 
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(6) {Pot Pil +... + Pass" 3+ (0+ OE +--+ Om al” J5=0. 
Then (2m+2) roots of the equation 
{Pot PZ + +P ZyP— {Qt QZ +--+ QniZ™ 4 *2.Z(1—Z\1—lZ)=0 


are €, and z repeated (2m+1) times. Thus we obtain the following 

identity : 

(7) {Py} PZ tot Pur Zt}? — (Qo QZ + e+ Oma FZ" }2.Z(1-Z\(1-2Z) 
= Phin(4—) (4-2. 


Herein putting Z7=0, Z=1, Z oar successively and reducing, we 


obtain 


ff 


ee +1 P, 
Ve 4 7 = ( oe , 


2m+ 
8.) VTE One) tj eee 


Fatt 
— at ese a 
| VIRRE (Ha t= SE 
mt 


In extracting square root, strictly speaking, we have to prefix the 
double sign + ; but by taking some particular value of » or by putting 
k=0 in the final results to be hereafter obtained, it comes out that we 


have to take the + sign, 


§ 3. 


Let us now investigate the expressions which occur on the right- 


hand side of equation (8). For this purpose, put 
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D™*¢, D*™*'sz, ae Dm tigem-l 


pe 29. Dm + Te pe en pb + 2¢m- -] 


further let the expansion of A according to the elements of the first 


row be written : 


(0.) Az=D"s, A,+D™ sz. Ao+...4 D°ts2"" A 


m* 


~ 
Now 
£3, ee a SEE: oleae sant 
1, 2z,...(m+1)2", Ds,  Dsz, ........Ds2™7) 
dl.) B= (m+1)!, D™s, Detisz,...... Pevtiger 
DOs, DMs... 5... Degg 
Ds D™sz, fib D*"s2" 1 


Peo cea. 2", get Bo 


Rede yeaa): mz”, (m+ 1)" 1, 
= 4 ( ) —(m+1)IA, 


ee ee ee ee . ee ee 


m!, (m+ 1)! z m!, Ds 


nN 
& 
“ 
< 
~ 
~ 
X 
= 
1 
~ 
- 
n 


ey PAE 2” a7 
Minx Re) eae mz", Dsz 
a m H 9 
m\, D™sz 


Oe eS ge, se? 
a) ee mz*, Dsz™ 


—(m+ l)!A,, 
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Writing, for shortness, 
1! 2!...m!=mlii, 
we have 


ee eee ae, 


| a eae mz", (m+ 1)" 
= mil gh; 


ee ee ee 


m!,(m+1)!z 


ilso 
ON oe ee a Te Fe ger 
1, 2z,...mz™—", Ds 1, 2, .05 , 2D8 
m!, D™s mi, 2° D"s 
= (m—1)!! [2"D"s—m™"D" s+... +(—1)"m! 8} 
tl 7pm 8 ‘ 
= (m—1)!! tD = 
similarly 
0 Faas Be es 


1, 2z,...mz"—, Dsz 
ames = (m—1)!! "Des, 


= (m—1)!! FY D"sz , 


eee eee eee ee ee ee ee eee ar ee aa 
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foe ces ee, eg 


1, 2z,...mz"—, D(sz"-) 
= (m—1)!! 2 D(sz"-4) , 


ee ey 


m!, D™sz"~) 


Hence 
(12.) P»=m !! a A—(m+1) [o(2)a+ Ds. Agt...+ Deed, | ; 


Again 


nt AR Ie, ee at: Pa sg! 


m\,D*s, Dez, ...D™z" 
Dts, D™*gz,...D™*t1gz-! 


D**%5, Drvigz,, : _Dmtigym-1 


(13.) Puasa 7 ( is tb sedis 


ee 


= (—ly"" millA. 


Substituting the values of Py and Py: just found in the first of 
2m-+1 


equations (8.) and dividing by z ? , we get 
(14.) 


A—(m+ 1){D°(=).a.+ D's. Ay+ e+ D®sz"-*, An} 
VE = (— lyn’ 


yaN 


The expression for A given in (9.) may be greatly simplified, 


By an easy reduction, we fiud 


(15.)] D™“'s, ¢n+1)D"s, (m+1)D™"s, _...... {(m-+ l)m...3}D?s 


in D™*s, (m+ 2)D""s, (m+2)\m+ 1)D"s,...... {(m-+2)(m-+ 1)...4} D's 
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that is, 


2% oe 1 pen 
D1 Ds, 31 D*s, caeaseese mF § 
ees: " D's, DM, ssabeuahe | _ pte, 
Nas A ei—1) 8 sau 3! 4! (m+ 2)! 
Saar Des 22s DY, zs Ds 
(m+ 1)! "(m+ 2)! """ (Am)! 


The expression 
(m+1 {Dm Ay+ Ds. Ast 3 +D™s™-*.A,,| 


which occurs on the righthand side of (12.), admits of being simplified 
in a similar manner ; namely denoting, for a moment, this expression 


by A’, we have 


A= tie D492 ag Se Dg t 


ee ee i 


TB cage! FU 8 a D™sz*"1 
8 1 8 1 8 
D—, 7 D—, cei ts dikes — = 
2 1 1 
m(m—l) /€ ae pieces m+2. 
Es RS a on 31 D's, qs: Sie eeeeeaed tes m+)! s 
1 +1 1 m+2 Sete 
m+D! +p” 8, m4 Dl +H? Se Saaket mi D™s3 


, m(m—1) !! 
Leaving the factor (—1I)"# fz .(—1) 2? _ = 


out of consideration, 


the numerator of the righthand side of equation (8.) becomes 
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The two determinants 


(17.) 


a 


1 2 1 8 ] m+1 
arP S, 37P Se vieten eovesens (m+ ID s 
1 8 1 4 ] m+2 
31? Ss, iP gic inleis vac 8d bioiainie (m oP 8 
1 mtlo 1 m +2 | 2m 
(m+ 7 gig "(m+ mei Ee peat (2m)! Bs 
s Ae ea Dace 
aye ar? ra aa sea Se mi zg 
1 8 1 4 1 m+2 
pe 31P S, arP Syieaerscrscceeges (m+ ene s 
] m+ 1 m+2 feels 2m 
Gn D ’ m+ ate Spree vase ne (Qm)! D 8 cope | 


may be compounded together ; 


so(E) 


1 met ) 
PDE) eee aE yD 
; , 1 m+ 2 
3 D's, 7 mea , 
: mt | m +2 1 om 
(0 +P 1)! (m+ 2)! Sy sevens Gm ‘ 


A slightly different form might be given to this expression, viz 


1 »» 1 1s ! mi 5 
37D ~), = Ds =), oe maT? (<) 
Ped 8 Ber 1 in a 
| ee D+), 4D =), ee, ae ) 3 
1 m+) 8 1 m+2, ae mf 8 ) 
(m+ pr? (=), mea ¢ ), ““" (Qm)! =e 


1] 
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~ 


Let this determinant (omitting the factor 2") be called M, and the 
determinant on the righthand side of (16.) M. Observe that M and 
A differ from each other only by a mumerical factor, Equation (14.) 


now assumes the form: 


” 
— 


oo, Ae m M, 
(19.) VE =(-1pn at 


§. 4 


Consider now 


PLP Aa. + Pos 


which may be written in the form of a determinant, viz. 


14 gases 1, 0, Sete a 0 
OP ey ee eer ey gatl 8, eae ge? 
Oe) Ree (m+1)2e", Ds, Dsz, ...... Ds 
pom+l 
00) Space | etter tec teat aaa eseetiee aeneia see 
2, " (m+ 1)!, D*#'s, D*Msz, ...... Detigge-1 
Dts, Dae, DevVss= 
D™s, D™sz, .....: D371 


This determinant may be reduced in exactly the same manner as P,, 
and then we find 


Fe, 


b=0 


Now 


A 


* 
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a see Oa 
1, a, 2, eeotes ot gmt 
1 Bes cts. m2", (m+ 12" 
m!, (m+ 1)!z 
Fa 
1, z, 
—(m+1)!A,4J 1, 
1,1, 
1, 2, 
—(m+1)!A,} 1, 
| ft 
i, 2, 
—m+1)!A,, i 
ao8s byt 
ae ania or. gmt 
re mz", (m+ 1)z” 
m!,(m+1)!z 


Bo inc: 1,0 
scien s Zz”. 8 
Be mz", Ds 
m!, Ds 
ES iss 1,0 
oe eee 2”, sz 
aes mz", Dsz 
m!, D™sz 
tee ee eeaene "Reape alee tla eeee 
, Bs ae 1,0 
Yes a at 
| NO BA mz-!, Dez® 


a s 


= (—1y"Pm'!!(1—2"" , 
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Fe Pee BE see 1,0 
LB aR ee a. 8 
Pee Fins mz, Ds = —(—])"Hyn —1)"1— aet!D= > — ‘ 
m!, D™sz 
ge Ma BF Aces 1,0 
Ls, 2s... 2™, sz 
ae mz", Dez | = —(—1)"4m—1))!1 —2)"*D" = 
m!, D™sz 
| Res 5. Bate 1,0 
| le Fake ae g™, a2! 
We En SA m2", Dsz™* | = —(—1)"t%m— 1)! — zt D™ i> : 
m!, Ds 
Hence 
peeetl 8 $2 
pa Pu =(— 1)" ont t(1 —arnha +(m-+ 1) [p54 . A, + D>. Ast tee 
u=0 Z 
ie elie: 4 
+07. A, | 
pe S$ ymtn_84 Deh sant 
L—z”" | SP a ei l—z 
= (—1)"Fnl\(1 — zy"? Dts, ” 8 ite + PES Ds" 
D™s, Deg" oe D™ 37" 


Further, we deduce without much difficulty 
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m(m—1) 
Ql) “S Pw=(— (emia? 
B=0 
J p: és Iys I m+1__8 
2! Fae 3t laaw vr" (m+ 1)! l—z 
oh. 8 1 4 l m+? o 
" 31 D 8, iP Sic kr de scoot (m+ 2)! s 
1 m+1 1 m+2 i 2m. 
(m+ 1)! (m+ 2)! rb (2m)! sli 
or 
B=m+1 m(m—1) 
(22.) > Pa=(—l 2? (—L"F2m)!(1—2zP" 
H=0 
1p» 3 te 3 6 é 1 m+1 § 
2!" l—z’ 53 es SP ea (m+ 1)! l—z 
1 8 gaa l nta_§ 
x ys eae qi? a ST oe (m+ 2)! l—z 
l 8 1 8 1 8 
m-+-1 m2 2m 
(m+ pi? l—z’ (m+ HP l—2z’ (2m)! l—z 


Denoting the determinant on the righthand side of (22.) by M, 


and remembering 


Puwn=(—- Lyn*(2m) I! M, 


we get by division 


Pot Pi t+.. + Pat. 
Prosi 


=(1— 


4) Qual 2 


Substituting this in the second of equations (8.). we obtain 


(23.) 
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§. 5. 


Let us consider the determinant 


eo, ey ee ae 1, 0, Ag ern 


z 80 a ee ry wa 8 ee 


24, 
G4) 1, 28, ..»(m+1pe*,Ds, Dey . Dage* 
pom 
Pan) EES Se Cre ee ER SCF 
a, A $i (m+1)!, D™*s, D™*sz, ... Detisz™—1]° 


D*¥3s, D¥t4gz, ... Dt4s29-) 


ee ad 


This determinant is of the same form as the one in (20.), and we find 


likewise 
p=m+ 
Qm+2— 20 (__ Jymtlyy 1] — +1 
p> "Pu k =(— 1)" 4m !! (1 — 72)" }A-+¢m+ Dk! Ege 
8z a 
+ Daa. Ast. + ee. A. | 
+i__§ {88 arr ts 
aR) fo Be Oe 
=(—1)"Y*m!(1— 722"? ] Ds, Drs, 5 De 
D*"s, Dyas: Dae 
whence 
b=m-+l 
(25.) > Pykemts-% —(— 1)"*'(2m)!(1 — zy"? 
A=0 
1 s 1 Ce 8 1 ST 
a1 , Pas ea o> ae mae l—#z 
1 1 1 
31 qr)": Rais mea? 
1 m+ 1 m 1 
eel mea OC 


MULTIPLICATION OF ELLIPTIC FUNCTIONS. 17 


or 


p=m+1 m(m—}) 
(26.) >) Pukemt?-—(—ly*¥—1) 2 (Qm)!!(1—zym? 
p=0 


i 2 $ 1 8 8 ] m+1 8 
a1? 1—kz’ 31? Re 7 sa ae (m-+ 1)! 1— kz 
: 1 8 § | 4 § i m+2 8 
x 31? l—k?z’ ate |) eles (m+ 2)! 1—kz 
1 mti___§ 1 m+2___§ Ns 
(m+ He? l—k2? (m+ a? l1—kz’*"’ Geni? l—k*z 


Call the determinant on the righthand side of (26.) M,, we have 


Pyle 4 Pil™+ Par pe anes Ms 
1 = (1 k 2) iN . 


Substituting this in the last of equations (8.) we obtain 


es 
2 


(27.) V/l—Re = 1-2) 


RS 


§. 6, 


In case 1 is even, say n = 2m, put m = q¢ — 1, and, referring to 
§. 1., let one of the 27 points in which P + (Qs vanishes, coincide with 
the point {f| 4}, another point with {0|0}, and the remaining 
(2q¢—2) points with the point {7 | s}. Then 


ac dz- _ 
(28.) ~ e + = QO , meven, 


and 


PH QS (424 Ag? 4... Fn 12") + (Dot bz +... + Oy a2" ™)s, 
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dy being zero. If, as will be convenient, we write 


6 1—f.1—khE 8 I—z.1—hz 
scl ceca ain oc boes oF e 


= (Ay +e H Fin 2") + (Opt O24... +O, 42) Uw, 


(ay t aft ApS +... Oma S™ +bG + (D2) +...+ Ons GE"™=0, 
Ay t dgi+ Ug2H... + Any, 2 Ade + duz) +...4+ dy (ue )=0, 
dy +g.22+ ... + Ay 43-2" + byDut b,D(uz) + ... + Om ~D(uz"™) =0, 
Any. M! +b,D" u +b, D™ (uz) +... 
(29.)( +b, ~D™ (uz) =0, 
b,D"™ u+b,D™" (uz) +... 
+ Dy_yD™ (uz) =0, 


Tee eee eee eee ee ee 


~ dD u-+b,D™ (uz) +... 


| +b, y;D™“(uz")=0; 
whence 
| an ie es ne i Reh sakes 
m—1 


Lo Pete a uz, woe UZ 
1, 2z, ... me, Du, Duz, 33 Ue 

(30.) mi. DA Deus. aa == 0 
Dry, Dota Dr a 
Dey, D*" uz, eet D® yz 


Te Pee eee eee eee eee ee ee 


Dy, Dus, ... Dae 


‘The expansion of this determinant according to the elements of 


the first row may be written : 
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(31.) {Pi +P E+... + Prk} + 1Q+tUE+..-+Onil"™"} 6 = 0. 
Hence 
(82.) Z{ P+ PZ +... + Py Z"P— {Qt QaZH+ ... + Qn Zp — ZY — eZ 


= Phi (4—2XZ—2)". 


Herein putting Z=0, Z=1, Z= a successively, we obtain, after sligh) 
reduction, 
] seh feat =i 
ve i Pu ; 


(33.) ( Fico d—z" = aio ties 


m -2m—2 
| WI— RE (1 — itz" = Pile 5 oi pitt Prey} 
m+1 


ee. 


The reduction of the expressions which occur on the righthand. 
side of (33.) runs on the same line as the reduction of the corresponding 
expressions when n is odd, discussed somewhat in detail in preceding 


sections. We may therefore at once write down the results: 


1 8 Data a Pee 
eae aie ne eee 
G2) mim +1) Sh 7 : ’ pet : ort 
Pi4=(—l) 2 Qm—L!! 2! Zz 3! z (m-+ 1)! 2 : 


ee eee eee ee ee ee ey 


et 4 
m! z *>(m+\))! 2’ * Qm—N oe 


a) i. PUSISAWA. 


1 1 1 
gy. gyda 
(35) 1 


“lie neanene +2 
Oa(=iee “2m—1)I qi?” BrP  Gapoie 


* ieee “I a Fier ‘ore alee 


7" Sake 
= a Al—2)' (m+ yi" brs rr “GeoIie’ alon 


wm) 
(87,) > Puke oo) 9 "(Qm— 1) — ay 
we 


1 a l x 1 s 
TPAK—ey OT ey 
Sane l a 1 s 


1 


x | Ba ey OT Ay ae PAD 


DI-___L_eeeeee ee eee Ree eee CPP ete eee ee eee eee eevee eee eee eee eee eee eee) Pr 


“ pye a Mee | 
me ATK EGY me” ATES! meh AIBA 


Calling the determinants on the right-hand sides of equations (84-37.) 
N, N,, Ny, Ny in order, and, substituting in (33,), we obtain 


(38,) {| SMA? = (map yt 


21 


in virtue of equations (8) and 28), 


ee 
= 2m + 1, we have from (16. (19, (23) 


9 ye PE 
conn ee US nl chen lena ye a tela tah aa eh a 


1 & 
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1 8 ] 8 1 ie 
at Ts" A heat Sg. oem ) dtl l—z 
1 8 1 8 l ss ae 
41.) M,= ce ay ea Gi T° moe 7 l—z 
i ps 1 Re 1 8 
(m-+ 1)! l—z’ (m+2)! l—z’*** (2m)! l—z 
rr 1 8 1 ies 
Belem STP eae ee 
1 8 1 8 1 re 
(42., M, = Pe ea qo) ee neat 1—Fz 
] 8 ] ee 1 8 
(m+ 1)! 1 — 2’ (m+ 2)! l1—k2’""" Qm)! 1l—kz 
a gig sl oy, J Det, 
2S ais By. (m+)! 
1 1 1 a 
43) Me= 31D qr “or oy im $a” s 
1 m+) 1 2 1 2 
mente + 8, DI Sy sacens 2m)! Ds 


In case is even, say n=2m, we have, in virtue of (38.), 


1 N, 


(/snnu = (-YYa . 
(44.) 4 cnnu = (l—z)" ul ; 
\ dnnu = (l—k*z) =f ; 


where 

(45.) N, = 
46.) ~N,= 
(47.) Ny = 
(48.) N= 
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i 
“(m+ LD! 
] ee ] 

5 "(n+ 2)! 


Dts 


s 
M+2 6 


Serre eee ee eee eee ee ee eee eee ee 


Wipes I 


m+ m+2 
8, m+aie “ae 


(m+ hi 


1: Foie AS age See 


Ll! al—zy 
abe 


m+1 


ai—zy ~'(m+))! 


za l—z) 


PORE EER EEE EERE EEE EEE EEE EEE EEE EEE EEE EEE EEE EHH EHH HEE HED 


8 1 
aiL—zy’ 


m m+1 


z1—z) (m+1)! 


eet ie  eL 
1! 2zd—Re2y 2! 2l—kzy’ °° m! 


see 1 S ] 


al— 


Eder SE. ey pees Sa 
al—kzy 8! 3 a1 —kzy 


ROR eRe REO TEE EEE HL EEE EHH HEHEHE EE EEE EEE EEE EE EH EEE 


1 8 1 


m+1 


eet eee weer 


2m—1 


at 2(1-k?zy (m+ 1)! al-k’zy °° (2m-1)! 


eet CSO SHES OO SOo SESH OR ORE CH HELE CERES EEO 8 eheesereeseneoeeere 


1 s i 


2(1-k?z) 


It will be observed that the formulz of sn nw for n=2, 3, 4, 5, 
are those given by Jacobi in the Memoir referred to, which appeared 
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~ 


on the opening page of the present paper. I was not aware of the 
existence of Jacobi’s formule when I first found the formula for 
snnu which was, in fact, then obtained in a slightly different form 
as furnished by (17.), and which is perhaps in some respects preferable 
. to the one here given. I have, however, given it its present shape, 
in order that, for the particular values of n, it may exactly coincide 
with the formule given by the illustrious mathematician whose 


memory is sacred to every student of the theory of elliptic functions. 


§. 9. 


Before proceeding further with the reduction of the multiplica- 
tion-formulz, it is necessary to give a few formule relating to the 
differentiation of composite functions, to which frequent reference will 
subsequently be made. 

Let wu be a function of y and y a function of x. It is required to 
find the nx” differential coefficient of w with respect toa, By actual 


differentiation, we find 


du du dy 


‘dz dy dz’ 


Cu _ du ay Pu “(# dy“? 
dz” dy dat t 


au du dy @u dy @y Ya Bu ( dy 
dx’ dy dx dy? dx dx t ane ay, 


dius du’ dy a dy dy y t au 
d= Gy de ae ee ch +3(3 :) eae. = (3t wy ey 


4 eu “ae 
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du du ~d’y yy ae 5 wy LY 1 9 Py dy 
dx dy dx" dy?|° dx da* dx da® 


8 2, 
+ Fa f1o(se Fe 1 uo) 
nt 


dtu ( dy \ Py + oa(z): 
dy*\ dx ae 


and, generally, 


ad'u du @u au du du 
az" apt ag zXe+.. tay 0 are i, yr tant ai Xn > 


(49) 
where X,, X;,...X, denote as yet unknown functions which contain 
only the differential coefficients of y with respect to xz. A few of the 


initial and end coefficients may at once be written down : 


a” 
X= Ge 
x dy dy nn—1) @y dy 
eg at 2! da® dx 
a — 1): + a 4 
ae : aoe 2 Y odd) 
ie red y mee dx? 
nn—1)...n—-—+1 2 
Bebat= 3 ( uv), Ziel a 
(50) 33)! dz?) 
Pee, ——_ n—8 8, 
Ae nn oe 2) (54 = 
anne dy\"— why 
2° Z) @ 
. ee nn—Il) (dy \"* &y 
tien Sra eS dx?’ 


. = dy n 
|X, = ak 
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To find X,, observe that X,, being a function of the differential 
coefficients of y with respect to # only, is independent of wu as a 
function of y. Hence, putting uy, ’,...y" successively, we obtain 


Oe eee ee 


A yf” 1X + r(r— Ly’ ?X, rik; 
| ca a = ny"X,+n(n—ly"PXa+ occ ceeeee tnt X, 


To obtain X,, X,,.... we may solve these equations as was done 
by Bertrand* ; but it is shorter to proceed as follows:—Put u=e, 
then 


NpAY 
ay He 


sea = AXA BX . AUX A AUK, 


and, on the other hand, 


Ve P ig 
ew = 1l—dyt+ fy Ae y +. (IP AY +... 
de” Sh d"y PP dy? Tha d"y* 7" d"y™ 
de Geet Bae t Bee aT ate 


Multiplying the last two equations together and equating the coefficients 


of the like powers of A, we obtain 


* Bertrand, ‘T'raité de Calcul Différential et de Calcul Integral, T. I, p. 139. 


MULTIPLICATION OF ELLIPTIC FUNCTIONS, 27 


Pee 
ta" 
al. ay) ay 
Aa = OT de 9 der’ 


es 


pe cig er gn aty) 
rel da®*  (r—1l I! dz" (r—2)!2! da" 


l ya a yrs dq" 2 d"y 


+ Iar—1)! dx’ 
1 ay") y ay") wa y? ay"? 
nl de®  (@—DN! de? * @—212! da 
n—1 n 
+(—po ey 


I! (n—1)! da" ° 


\ 


It may be worth while to notice that the expression on the opposite 
side of X, is identically zero for all values of r greater than n. 
From the mode of derivation it is evident that X, contains 


differential coefficients of y but not y itself. Hence, if ua A be 


broken up into two parts such that one part contains all the terms 
independent of explicit y and the other part, terms having y as a factor, 


then 


dy’) ) 


X,, = that part of = —j,n- Which is independent of explicit y 

: dy") : j ate ; 
and that part of — r qn Which contains explicit y together with 
] ay") ye egy | +(—1) oe ey 


—@—DI de + Gor ade Tr—D! de" 
is identically zero. Now 


1 aa ay) 
nl dx 


dy . h® dy 


= coefficient of h” in Jy tne 4 + OT de 
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- dy") 
dx” 


equal to the mee of hi” in 


Hence that part of —- which is independent of explicit y is 


? dy . h? dy " 
ee ee en 


_ that is, in 


' r 
“NV rath—far, 
where y=/(2). 


Thus we obtain 


(52) = als Th or) f(x+h) —feh] :. et 


This form of X, has been obtained in « different manner by U. Meyer.* 
Bertrand gives the following form of X, which is substantially the 
same as (51) :** 


where @ is to be regarded as constant during differentiation and is 
afterwards to be replaced by y. Again making use of the form of 


X,, given by (51), we get 


oe al : dtu d"y" 1 dtu dy 
2d du dj’ ay. dy 
+ y weds r— 2)! dy” da" —...4(—1)"" y" ay an 


r=3 


* Grunert’s Archiv der Mathematik, Bd. TX. 
** Loe. cit. p. 140. 


MULTIPLICATION OF ELLIPTIC FUNCTIONS. 29 


_ . du. 
which agrees with the form of 7» given by R. Hoppe." 


du FMA : 
Put w=y’, then ay = y’~", where p, denotes the continued 


product of r quantities p, p—1, p—2,...(p—r+1). Multiplying equa- 
tions (51) by py", p(p—1)y™,... in or ‘der and adding, we obtain 


(53) d"y? ——_ p(n—p)n {= My mi ay Ne dy? 
~ Ga nly? —1Y dam T p—2 OT dae 
“Ee Ny Mas n—r ay’ eorre a. Se} 
ars rl da ** atl) p—n dz”) * 


For = we have 


(54) d" AY (Qn)! 1 fm .idy m yr? dry? 


dx” —~ Pune y tli de — Ot 3B dan 


pat vt #y eee, et 
+(-)) hae fae t 1) Q2n—1 dx") °* 


If y be a rational integral function of « of the third degree, bag 


vanishes for all values of r for which 3r <n. In this case, denoting by 


lei ither 


n n ; 
q or the integer next above =o according as mis a multiple 


of 3 or not, we have 


a" /Y (Qn)! I \ ro “ yo ay 
ae x pyr _! 4 
(55) dx" be 5 22"! re 1) oi — l dx” Ta 
cogil: | aioe d"y" Ph oy ho ] ce 
+(-}) a Qr—1 dx" + e.e(—I) In—1 dx" 
Again 
a” 1 | 
(56) SME = OW X,— OyX + 


+(—Ily*. 1.38. ...(27—3)(Qy 2 *X, 4+... +(— 1”. 1.3. ...2n—3)X,, 


* Crelle’s Journal, Bd, X XXIII. 
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ay 


and if y be a rational integral function of the third ‘degree, ait und 


all the higher differential coefficients vanish, so that 


dy 4 L595 OY 1 d*y )" 
X, += coef. of h" ine fiat +yPaat =e er dx 
or 
dy pe 4: 1 dy 5 
X,_, = coef. of h” in —— a 2 Br aa df ? 


whence follows that X,_, vanishes for all values of r for which 
r > 2n—2r, that is, 3r > 2n. Denoting the integral part of = by 4, 


we huve 


dna nt 


67) E¥Y = (-1y ad (On—2i—BY2y)X,, ob .- 
+(—1).1.3. ...(Qn—2r—3)2yVX,_,+ ... + 1.3. ren - 


where 


dy\""( 1 ®yV 
_ ! 
Xan = 0! on a Qr)' r! “t) oD dx 


x 1 wy G PyN (1 By 
(n—2r+ 1)! (r—2y! 1! 2 dx? 6 dz* 


1 dy ace 1 &yv “7 1 Ged 2, - 
= (n—2r +231 (7-4! 2! Vda 2 dr 6 dz 


the last term being 


1 ay, “F/1 dy\® 
(n—Sr)! (= 6 dr 
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or 


r—l 


(ay Evan Cy By\ 2 
(»— TE Xda see)’: 


according as ris even or odd. 


Similarly 


[no ,—3 Ae) | 
(58) a 7 ae \(- 1). 1.3. ...(2n—2¢ — 1)2y)'X, 5 +.. 


+(—1).1.3. ...(Q2n—27— 1lyQy)X,_ +... + 1.8. ...(2n— x,t . 


where X,_, has the same signification as in (57). 


| 


Let f= 8? = al—2z(l—F2z) = 2z-(14+ P)24+kR2, 


f= ay = 1-214+y+3h2, 


fr=y Gea — +R) 48%, 
Z 
1 @& 
A= a 3 K. 
Now write 
1 a (—iy* 
(59) are $s = Da get Sn > 
. ee oe 
(60) ap iat or ae 2 ead 


then by (57) and (58) 


(61) S, = (—Vi.1.3. ...Q2@n—2t—3)2/)Z, 44+... 


+(—1).1.8. ...Qn—2r—3)2fYZ, ++... 13... (Qn—-3)Z, , 
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(62) BR, = (—1)41.3. ...(2n—2i—1)2/)'Z,_,+... 
+(—1).1.8. ...Qn—2r—VQSYZy 9+. +13. ...Qn—DZ, , 


where 


: a YS eikae r if Pee tf ites r—4f2 
63) Z.4= Ganirit @—orF ie Ol! t moore Dl —Dlalt 


the last term being 


r—l 


i 2 te f A a f A 


PG)!” bG) 


according as 7 is even or odd. 


Observe that both S, and £, are rational integral functions of z of the 


degree -2n. 


§ 10. 


The determinant-expressions of § 8, simple as they may appear, 
are not convenient for introducing S, and R, of the last section. It 
is desirable to derive the multiplication-formule in forms slightly 
different from those given in § 8. 

Consider first the case n odd. Referring to § 2, we might have 


taken = +@ instead of + (Qs and then we shall have in place of (5) 


the following determinant : 
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#2 w 1 
1 uh ee ‘eek .s > eds 
tie EW ; 6’ 6 i 6 
2 1 
ae ete es ant 
> > > b 8 ’ s , s , S 
1 zZ 2 gmt 
1, 2z, ... (m—1)2™"3, Pp D—, D—, ...D— 
§ s 8s 
; zZ 2 gm i 1 
(64) (m—1)!, D™—, D™*—, D™” Haas oe Se pera =(). 
] Zz 2 gmt 
Det, Dee, DZ, Det 
m+1 
ps De & F penz pm & 
§ § § § 
2 m+1 
D™—, Dp» pm2, 23 
; eo s 8 
Now put 
1 Z gmt 
Leng. Saieons dD 
pn D cz gmtl 
? ’ $7 
(65) Q=|" 8’ ™s 8 ; 


and let the expansion of this determinant according to the elements 
of the first row be written : 


1 
ga = ates Poe! 62 air & a +... ot nie a a ae : 


We find 


2m+1 Q, 


WE z 2 = ’ 
6 24s 


et} 24+2,4+...4+2,, 
a, (1—z) cen 1 7: 42 : 


3 antl 2m424 OH2m4 4 QD 
JI=RE (1-2)? = ae oo 


| 
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and thence, » being odd, 


(66) 


where 


(67) 


(69) 


M’ = 


M,’ 


{ snnu = (—1y" Pa a ; 
M,’ 
eh ei. 2 
chu = (1—z) MW? 
\ dn nw = (way? , 
] 1 ] ] 
a. tae mos 
eee by | oes 
Te Sa ee ae 
ee ee eee 
mm! 8’ (m+1)! s’"*’ (Qm)! s 
2 Sree | ba 
og EO ae eee 
he 1 Z ] me 
Treg tea eee 
Na 8 Pe ye ee 
m! s’(m+l1)! gi? (2m)! s 
(l—z""), (l—2)", (l—zy""4, ] 
, oa: ae 
8 La oe m! 8 
1 fica. tetera 1 i 
re Te ae. eee 
Se Weal iy OS 1 Gece 
im—ll. Stal 8? ae 8 Oe 
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(l—kzy"!, (1 — 22), RAL —KPzye, Heme? 
1 i Saas | ae 
, We it” al 
10) = me 1pli 1pl mit 
wy J 3" aa are ig (m+ 1)! 8 
bis oe be re i a ay 1 mnt § 1 ran 
(m— 1)! s’ m! s’ (m+ 1)! g’ °° (2m)! 8 


Observe that the expression of sn nw as given by (€7) and (68) is 
that which has been indicated by Jacobi. 


convenient to write JM,’ as follows: 


It will, however, be more 


geri —2", Fae jei(se Ter? 
i ee eS 
ute a +, TDS at cr ak L)! es 
ae fay okdiis il alors 
(m— 1)! s’ m! s’ (m+1)! 37°" Qm)! 8 


We may here point out that the comparison of the preceding 
formulz with the corresponding expressious of § 8, gives some elegant 
theorems in determinants. Take for example Mand M'. We find 
easily 

M=C sy’, 
To 


For m= Lg 


where C denotes a constant which may be a function of m, 
determine C we may take some particular values of m. 


we see at once that 


= oe Gee 
Pee ar ss 
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For m=2, we have 


1 Saeee Sae 1 1 : 
Pie as ak cae ry Do gp 
Vi kag 1 ap 2 1. 1 eee 
DS ee Ta) ee eR eee 
tl oot te lf toh b..t oee 
Wo a Be eae SHO es Hoes aS 


Multiply the first row by p+ and subtract the product from the se- 
cond row, and then, multiply the first column by De and subtract 


the product from the second column ; and, observing 


! oi 8 
] LY Ce ee ee 1 1 
31?" = —s(D-) + 2s8'D— ‘ gr gS ’ 


7 D's = #(D+) —3(D— ). apt 


oh tplfdoty Apa 
+820. 5 D(a7D*5) Bede Thal 


we get - 
aed v1 eo 
| Oras [AS s BAL g Sq 8 
ai Ds, grb 
. : 1 | eee | | ae 1 
= §| —-D—, —D*—, —D*— 
1 ps, 1». $a eT CR? ae oe 
wane © jTyt Ipl 1pt 
RE gt gt” eset oe 
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Thus we find ¢ = (—1)" and thence 


] 2 1 m+1 
arP S, he (m+ Di? § 
og 2 ES aR Sak eet a 
1 m+lo | 2m 
(m+ 1)! ™" Qm)! 
1 Pik | 
ore kT. a: moe 
1 1 l 2 1 I m+1 i 
Seipeop i sO gt Gee |, 
Se! l wit Pe 1 roi 
m! s’ (m+)! a (2m)! 8 


which identity may also be proved directly in the manner exemplified 


by the particular case m—2. 


§ ii. 
Consider next the case n even. Referring to § 6, if we take 
a= +0 instead of P+ (Qs, we shall have in place of (30) the following 


determinant : 


38 


(73) 


ERY 
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Now 


r2 1 
10,2... cael Ree Sune SLs 
a cz a gurl 
1, 2; 27, « . ~~ wo tenees 3 
m+ 
1, 2z,...(m—1)4,D2, D2, ..... = 
(m—1)!, D4, pe, pet A" | Lo 
8 8 8 
Zz 2 ah 
ar 4 aa oe cuties D™ ‘ 
pe, penZ pen 2 
s 8 s§ 
peZ pm p=" 
s’ Ye 8 
wml 
Wt QL DPE A Qn OE PS + PoE +. + Pgs =0. 
AE = Wo > 
m+) 
ek oo tee 
Ee 


—2 


Prot 


and thence, » being even, 


(74) 


| sn nw = (—1)™ 2 


‘ennu = (l—2z) 3, ae 


dnnw = (1— iz)? at 
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where 
] & i 9 # | a 2 
ee or gh ecg 
Ll pa! J Rad Lge wt: 
(75) N= Or D 7 Sie Bl D G5 PO ee (m+ 1)! ef. 
l m 4 | whl, tat I 2n—1 a 
mie s? (m+)! ei ee Omarie i. 
1 1 Tage 
0, erro, ieee pelt D"!— 
pk tat 
(76) N= $ i! S ne! Fy : 
1 m—1 1 l m l l 2m --1 1 
(m— 1)! e. Phe a ae te Se PS 
(l—z)", Cire os sss 4 
Z ] Z Piatt 
meet a oe mis 
7 a * 1 9.7 ] m-+1 & 
Bh peg? gr mab se 
1 a ee aa l m—1 *_ 
(m—1)! Em: eh Q2m— i)! 8 
d—h2)",  BPdl—Rar, ...... in 
Zz 1 Zz Pica © 
3. tii, D 3? eeeeee m! ee 
om 1 z a 1 me 
ie) Nj= Tey ay pea imei? : 
P 1 m—1 & Buy m _@ 1 Ee: 
(m—1)! s’ m! ee ie (Q2m—1)! s 
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N’, N’;, N’smay also be written as follows : 


1 1 | ie 
e, —e Tes Ae meopi? i 
ay 1 l 1 OR aap | 
ee Me eee. Wt eae seenes ra ta 
(79) N= = Ne, ] es 1 l seas 
ae CH Regia 3! D> ae (m+1)! i 8 
—j|}\" wee m I l m+ L l ee | 1 
(—], mie rw. ime ll pe in (2m—1)! oy 
0, (l—2z)", (l—zy""}, 1 
ne l ] Pe. 
“a5 0, TG. (m—l)! ey. 
l ] l 1 1 
— m—1 =e ee inoue Pata A pro 
(80) Roa ae, 9 i7 P> pesca ae : 
i 1 | 1 | ] 
— 7\nt Te hog BE So. ae on—1 
Soa ie (m— 1)! D s* -m! D a Lay baa 8 
0, (l—Kz)", KL—A2zy™", ...... ke 
m 1 1 ny 
ant 0, is? =" (m—1)! s 
, of 1 1 1 ea > | 
(81) N;= z ie x. ea D =? éoa'd ae art = 
1 1 1 1 1 1 
—tyeh _*. pe 2 _* Oe * SS yee aes 
—o (m—1)! hi mie afr (2m— 1)! s 
§ 12. 


We are now in a position to introduce f, and S, into the multi- 
plication-formule. In some cases, we might have introduced S, 


rather than Rh, ; but, for the sake of uniformity, we have chosen those 
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forms which are expressible by R,. 
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On introducing R,, it will be 


seen that there comes out a certain power of s as a factor in the numera- 


tor as well as in the denominator, which may be cancelled against 


each other, leaving rational integral functions of /z = 


the numerator and the denominator. 


n odd, 


VW 


== = 
Q? 


snu both in 


The final results are: 


1, 2.1-z.1-Az, (2.1-z.1-h22?, ...(2.1-z.1-h22)"F 
Q, ] ’ R,, R,, 
(82) sna =(-l)"/z] 1, h,, Re, Bins + 
Rui ’ Rn Buns ’ Bon 
1, —2.z.1—HMz, (2.2.1—h72y, ...(—2.2.1—#2)"@ 
0, i R, R,, 
(83) cn nee =J/i—z} |, fy, Tes, Rusa ae 
Rr) Rn, Bui Ron 
1, —2.k72.1-z, (-2.472.1-27, ... -2.4?2A-z)"*! 
84 d JV 1— Bz 0, 1, Rh, Rn 
aa — ; ft 
i ye it h,, Rs, Rn 
Bn -1 Rw Bais Rom 
fie ibs g ais Ea 
te ¢ Paes » 
(85) denom. =|" ” ‘saa $ 
f,, Rui ee Ron , ae . 
.o) 3 ER AES m 
OF THE 
UNIVERSITY 
OF 
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(86) 


(87) 


(55) 


(89) 
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n—1 
nw even, m= os 
0, ] ave Bee 
| eee ae 
sn nu = (—1)"2s + 
Bn, Ry» ¥ Bom 
0, 1, —2.2.1—H*z, ... (—2.z.1—2)™ 
0, 1, Ry 
cniviu=| %1—z.1—Rh:z, 1, Ry R.,, 
(2.1 —z.1— 22)", Re 4 a Ross 
0, 1, —2.}°2.1—z, ... (—2.422.1—2)" 
r. 0, 1, Ro 
dn nw = 2.1—z.1l—kz, 1, R,, R. 
(2. l —ZZ. | 5% Kez)", Ro Soe Be) 
}. l -R,. cai, 
2.1—z.1—k*z, Thay! Bhat ans eg 
denom. = — 
(2.1 —z.1 Maar: kz)", R,,, Rasy * eas: 1 
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Part Second, 


§ 13. 


To ayoid confusion, we shall adopt once for all the following 


notation : 
z=snu, €=J/ksnu, z=sn'u, 
Following Jacobi in his lectures, we write* 


ne nu (A) (aa — Dru 
cos 


vp q" cos ae A(u) = 7a eet as 


ane aa (tY_.. Qn—1I)ru at NTU. 
(0) =2 DA at 1 gf ° Pas 0) ae Au) = 1+25%q COs 5 
and then 
— A, (2) ie Ou) ] _ fw) 
Jk sn u= ay” FP cen w= day’? JR dn 2 = Way 
zK’ ** 
Put w=—log q= ae , then 


dg = x*4 d?0 u dk do- 


do Khe  K dw du’ 


but ved 2 ae, 
PS eee ; a. OpEaR? »* 
dK ee 15( 7) 2hk?K 
7 
hence 
Co log K Ky a9 vg dA 
(90) he st 2kk Sat a —s— + 2kk’ ak ==), 


Observe that the same differential equation is satisfied by 4, Gand 4%. 


* Jacobi’s gesammelte Werke, Bd. I, pp. 501, 511, and 512. 
at Ditto p. 259. 
¥ Ditto p. 260. 
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Equation (90) may also be written in the form 


@iogd mo » WogK — dlogd »dogh 
gy Se (a NY 4 ah? OBE y SOE" + nn — 0; 
similarly pals +(e 'y + 2KnOOEk dlog@ 4 ajji2 Howe dlog# a 
dk du Ge 
. . : ‘ A(u 
Subtracting the former equation from the latter and replacing a 


by §, we get 


Clogs | (Se ere ; sao ut Coes 4 dlog= 
c é ) ee 
(92) Tne (= +2 + kk” + 2hh? a 0. 


Now 


< A, (nw) k — Ofnu) Ww Ayre) 
Vk snnu = Dinu)? Ve on™ = Fonay? JS i dn nu ” Tax? 


multiplying the numerators and denominators on the right-hand side~ 


by a0) 
. au) J 


Vk sn nu = 49 /# cn nu = a4 , Ai dn nu = wi 


where 
PB A(nu)a"-(0) ye A(nw a") 
ge G(u) ” Roe OF(u) ’ 
(93) 
pe A,(nw)a"-“0) ae 4,(nw)0"-\0) 
mm Seles lee 6" (u) 


Put nu instead of u in equation (91), thus :— 


@logA(na) d logA(nu)\? logK » Doge) sllogt (nu) 
. ae + a) +2n°kk dk + 2n?klh; Bere | meth 0. 
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Now 
log Anu) = log V + n? log Au) — (n?—1) log A(0). 


Substituting in (91), we get 


(94) ee (“eet ‘) 4.9n igs 4K? dlogK £ dlog V 
due dk du 
dio er 


a si dlogA(O) 


dk 


+ Intkke 8 = ]} + Qhk’? =0, 


sary 
Again, Hogrw) = Zu), #0) = pa . 
; du rs 
— Ki? 
differentiating, and observing ,& = = seta ms , we obtain 
(95) Pro) 4. ony CORN) _ _ issn, 


Substituting this in (94), 


ink sdlogV\* . . {Pogo Mog k dlog V 
(96) Ade * (5 + 2n*) —G +kk > | ae de 
+ 2n?2hkhk?— ee gs n(n? — 1)k*sn2u=0 , 
or 
CV dlog A(x) pdlogK ) dV 
97). San ae a) 4 nye | ST 


4 anthne + n(n? — 1)k*sn*u V =0. 


Introducing €=/ksnu as the new independent variable, and 
observing (92), 


* Jacobi’s gesammelte Werke, Bd. I, pp. 198 and 235. 
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z\2 
ws a= (n® =) 95% + onthe TT 4. wWn—1)\k2V = 0. 


Since 


) =*1— —(t+7)P+# ao BH —(r+4 Zant 
equation:(97) takes the form 


val 


“wef (ee beso 


(98) ‘I —(t+7)P+ 34S 


+ ants? + nn? — 1)2V=0 


This equation is also satisfied by V,, V,, and V3. 
With Jacobi, we may put i + =a and then equation (98) 


becomes 


was 


(99) (l—ae?+ 34) on —(n® — 1) — a +26 yO +04— ayn 


+n(n2—lEVv=o0, 


in which form, the partial differential equation was given for the first. 
time by Jacobi. 

The above demonstration of Jacobi’s partial differential equation 
is substantially the same as the one given by Briot and Bouquet* in 
their well-known treatise on elliptic functions, the only difference 
being that, in their demonstration, the intermediary steps are conducted 
by means of Weierstrass’ function Al. 

sriot and Bouquet give also the following forms of the partial 


differential equation :— 


* Loc. cit. p- 529. 
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242 2 (oP ga 
(100) (1-- a a <9) Ge tw Gr it) 


+ onthe di ot wea? — v(+ —% ‘Wy =():, 


2 
Pete) Se +t WAGE ai 


—%) AK SPW ¥y=0, 


(101) (1- = 


ifs ] 
where 7 = i = chu and €= VE dn w. 


SM. 


We shall have, by suitably determining the constants, 


V; = Vk x A(x”), A(0) = Ns 
% : 
[Evie B(x), Bioy =k, 
(102) | n odd, 

Vz = VEN 1 Be C(2), CO) = 1, 
\V = D(a), DO) = |, 
oe ra 1— 22/1 — Fx? A(z), AO) = n, 
Vz = *, B(2"), BO) = 1, 

(103) ¢ \ n even, 
V; ZH VK C(x), CO! = i 
ee = Pia), DO) = 1, 


where 4, b, CU, D are rational integral functions of 2”. 
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By division, we obtain 


n odd, n even, 
sum = oe sn nw = eek S| = Kia Ae') 
(104) cnnw = Afar 2 chu = oe 
dn nu = he : dn mut = pe 


When n is odd, 4, B, C, D are all of the degree n?—1 in x, and 
when 7 is even, A is of the degree n*—4 while A, B, C are all of the 
degree x? in x. Moreover, A, B, C, D are rational integral functions 
of k? whose coefficients are integral numbers. The coefficients of the 


highest power of « in 4, B, C, D are respectively 


n—l n*—1 ue] n?—1 n—l u—1 


(—l)? et; k ’ ’ es (—l)?n k?, 


or 


a—2 = n 
{— Ltn k# : k, kf, (— 1)? k?, 


according as nm is odd or even. 


Write 
A= SA = 2 AL ep = 2 A Be, 
B= YBy,2” = ¥ BL(l—2?" = Y Bi(l— 2", 
(105) 


C= 2 0,0" = ¥ C;,(1—22" = 2 C;,(1— x37", 
D = YD,,2™ = ¥ D,(1—23" = ¥ Di, (1 — Re)"; 


then, we have the well-known relations* 


* Compare the work of Briot et Bouquet already referred to, or Baehr, Sur les formules 
pour la multiplication des fonctions elliptiques de la premiere espéce, Grunert’s Archiv der 
Mathematik, Bd. XXXVI, pp. 125-176. 
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1 : ey ad 
Ar(k)=KAm( 7), Ain(l)=Ain( =), 
. 1 AG ued ; oy Bi 
(106) Conk) = k™ "B m( =) Co! k) =B m( 7) Bak) ae Cm(7-) 
a a 
Dyy(k)=K"Dan( F)+ Dial) =Don 


Observe that A.,, Bon, Cons Doms Admy Bons Comy Dom ave integral functions 


2m) 


of k? of the degree at most equal to m. 


§ 15. 
Consider first the case where is an odd number, and put 
— |= 4p = 8¢. 
Introducing the new variable € = /% « in 


snnu = ~ = Asn 0™ 
a ees 9 ee 
* Def 


we get 


= 2 Ong 
(107) | Vk sv we = SEE. 


where dy», d,,, are rational integral functions of a = k + - 


We may suppose 4 and B to ke arranged according to the 


powers of «, thus :— 


Il 
le 
XS 
a 
Fy 
| 
De 
Po 
dvr 
Il 
le 
i oS 


A 
(108) 
D = JD,. on = ate, 5M ee 2H, an 
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From the well known relations 
a | #17 1 
(109) A(e, k)=(—1) 2 i Oz kara, Dee, h=(—-1)? A(=:. k)kena, 


which may also be written in the form 


n—1 


n—] 
(110) Aw 8)=(-1)? D(a, =)" Da, )=(—1) (a, =) 
we see that A and D are of the same degree in @ and that, moreover, 
nl | “1 ; 
(i) By@=(-)F H(Z ke, Ha@)=(-)7 BAe. 


When the multiplicator n is required to be put in evidence, we 
shall write A[n] and D[n]. Now the terms containing the highest 
power of @ in A[3], A[5], A[7] are —2%%a, 2°Ma*, —2" "0%, and those 
in D[3], D[5], D[7] are 2%%a, 2°a*, 2°%0°. By virtue of the relation 
(112) A[n4- 2] A[n—2]=D[2]4'[n]-— (1 oF? +) A2|D nj, 


which is easily deducible from the addition-equation, we conclude by 
applying mathematical induction that, generally, the terms involving 


the highest power of a in A[n], D[n] are 


n—l 


(113) E,w#@=(-1 ) 2 open at, Hat =275"" oA, 
where 4,+4,=”?—1. 
To find 4; 4a, we deduce from (112) 
Anas dns = Bp, +2 = Qn?—2i,, 


which may be written 


ov 2 Gein 
{aia OFF toh + hice sl i}=0, 
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2 
or, putting for a moment (.-% + 1) =¢,, 
Pnte+ 2y,, - ?,.. s— 0). 


‘Observing fens h=—s, we find 


Saat a, Dae a % 
¢,= coef. of a” in >= 2 a+ay = =(— h? >. 
Hence 
n® In n? sal n 
(114) A= +(—1) 2 gal n= —(—1) 2 D ; 
that is, 
A Saar hag | Ae D sain AE 
a 2, , Pn 2, , 
or 


jaa hol , x Fn(n—1) ; 


1 oe 
is odd or even. 


according as —”— 
‘ ing as —} 


m= 
This premised, we now substitute D=}‘H,,2" in (99), which may 


m=0 


be written in the form 


as? ad —(n?—1)aé a + 2n?a? = 1+ ent 1; oF 


dV 
=) het & 
+ n(n? — 1)E?V + 8n? Aa’ 


and obtain 


at qgH,=0, 
(116) eo 2_ 12 Fen + 2nXq— NH, = 4 —2(n?— eee 


+n(n?—1,2H , 
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and, generally, 


(117) eS — (n° 15 Bm 4+ OntmH = Un , m=q—2, q—3,...0, 


where Un = (1+ 5G" — 94n 2 pt nin? Ay 


+8n(m+2)H,, 42 - 

It will be seen that equation (115) is satisfied by €""; indeed 
we might ee determined 4, by means of this equation, for if 
the operator oaF = be denoted by 4%, then the differential equation may 
be written 

(P—n*d +2n*q) H,=0, 
the general solution of which is 
CO’ Etmm AD) 4. CNZIM(W 2), 
where C0”, C” are arbitrary constants ; and, as = can contain only even 


powers of §, C’= 


- 
Let us now investigate equation (116), For this purpose, it . 


. . . . . ° n—1l bd 
will be convenient to distinguish two cases according as —-5— is even 


or odd. When - is even, “,= snin —1) and H,=2°3""™, further 
(1+ nee 2(n? — nese +n(n?— 12H, 
—Dp-2 {(n ea 2)(n = 1)n(n 4 Eee) (n os 1)n(n + 1y(n + 2) Fimta—a +81 ; 
so that equation (116) now assumes the form 
(P—n?d-+ 2n(q—1))H 4 


= 27 1(n —2)n—I)n(n+ DEY + (n— Dynan t+ (n+ 25} 
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=f 


Now, q being equ SS 


FP — 79 4+ 2n(q—1)= (0-4 ey -(#). 
The complementary function is thus 


CO’ ein(n+8) -+- Qlein(n—-8) , 


but, as $n(n—3) is odd and H,_, contains only even powers of , 0" = 


Again, a particular integral is —2?-%(n—1)nF-D-2— 97 Hyp Fimo 42 


which, together with the complementary function just found, gives 
H,4= ait QP-4(n — 1)nfthn—)-2__ 9-8, + 1)Gten—D +2 i, Ein(n+3) 
where /} is an as-yet undetermined function of n. 


When ie is odd, we find likewise 


poy ly Etn(n—8) —— 27 n(n + ])F tint) mi 2-H n, ey ] ynFinat))_ 


By virtue of (111), 


isi 


pond - il fo Nv =a ] 
E, =f, Ein(n 3)-1__9p (n+ ])Ftnn+)-8 __ Op 5 — Lynd tnnt 41 ss even, 


Ey .=2? Kn — 1)nZie")-8. 4. PH FIM Edn) a 1 odd. 
We may put the multiplicator in evidence by writing 
A[n] = SE", D[n] = YH ne, C= P=Pw 
and then rene (112) may be written 
(118) E. a”. SE a™=(1 —esf LE ae —4(] —08464)] YH wa". 


whence, equating the coefficients of the second highest power of a, 


n+2 n—2 n—2 nt+2 ; n 2 n 
119) EB yy 1b By, yy... 0-2 | #,, [40.489 [HT 


9n—2  YIn+2 
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is odd, so that “ ate li even, then the term containing 


the ede power of € 


n+2 n—2 n—2 9 
‘ : Pnt2y? En°—n+6 
= 4n+2 In—-2—1 _ arts : 

n—2 nt2 oP ia gn? Rei ae 2 


4a Buns qn+2-1 
- (l — yp [z,.] Q2Pagn?—n—2 
“ ~4(1 +6") [#,.] S 92 Pn 2ent+n 


BEET 7 gPn+3 ent — n+ 2 


dnt an-1 
Equating the coefficients of the lowest power of § (that is "~-"*) on 
the two sides of equation (119), we get 


n ane n—1)(n+5) es 
fia otis Rohe 


or, writing instead of n+2, 


even. 


i> 


i gees ohn 8 g2an—1) — 


Again, when pet is even, so that sao 5 is odd, the term con- 


taining the highest power of € 


n+2 n—2 
7 fe “qn—2—1 is grnsayy gn+n—2 
oe n+2 
i n—2 In+2—1 ” gPn-3y) Ewaen+6 
n 2 
i 2pren?+n+6 
” (1—&? [ =. ] ” Q?Pne 
” —4(1 + &) [#,.] : — 92Pn+ Benn 
” SH H QPnt3en?+n+2 


Qn Qn—1 i 
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Equating the coefficients of the highest power of § (that is "*"'*) on 
the two sides of equation (119), we obtain 


n+2 a Dies n— | 


I =o Pn ~Pe-2 2 , co odd, 


or, writing ” instead of +2, 


\3 Seay 


oPn-2 _ 92(dn- 1) n—1 
= gPa-* 9 


Sais , D even. 
Thus we find, whether is odd or even, 
(120) [= 920-2 9 2dn— 1) 
and thence, when = is even, 


(121) ts ae — 2P-*(n — Lyng) 2? n(n +1] einnr—+2 + QP-2Etw(n +8) 
(122) E j= Qp-2Esn(n—8)—-1 Dt Pn -L- ]Ftrtnt))-8_ Q?-%(n eur: ] Ginn t2)-+1 


and, when = is odd, 


( 123) Ay-1 = Dp- 2Ein(n—8) a4 2? n(n + 1e" (n+1)—2__ 2?-*(n ar. Lyngine ++ 2 
( 124) Ey4 = 2°-%(n he’ 1 eo + 2? n(n + 1p = Qp—2ain(n+8)—1 


n—1 
2 


Consider next H,_., whereby we suppose to be even. H,_, 


satisfies differential equation (117) 
{P—n?d + 2n*(q—2)}Hy-2= Uy», 
where 
Uy_-= — 2? (n— Inn? —n— 4)(n? — 0 — BEI 4 — 2? 42? — 2)(n? — 9G) 


— 2? n(n + 1)(n? + n-4)(n? + n-6)E 4 DPA + 8)(n? + Bn-2)EImnt9)—-2 
+ 2”-4*n(n—-3)(n? beg oS 2)Etn( n+8)+ 2. 
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The complementary function is 


woMn — ntaWifn 
OFF: eee 


and, as H,, can not contain irrational powers of §, we must have 
C’=0, C"=0. Hence, > being even, 
(125) Hy g= 2° (n—1)n(n?—n—6)E 4 + 2? (9? — 2)(n?— QE) 


Te Qr-1, u n+ l\(n? +n— 6)Gia(n—+ : aes 2 n(n + B)Eia+e)-3 
Ree 2? *n(n — BE iiatet2 


and thence, 
(126) Ey g= —2?-§n(n— B)E-9 9 — 2? n(n + BE 


+ 2? Tn + 1)(n? + n— GEMM DS 4 OPH n3 — 2)(n? — Qian a 
+ Qn eS In(n?— n— G)Etn +8, 


2 
in place of n in (125) and (126),) 


When “=! jx odd, we find likewise (or, more simply, by writing —» 


(127) Es BO = — 2? n(n — Beinn OP + B)ginnh+2 
+ 2?nr(n + 1)? +n — GEO 4 OP? Dy(g? — QyEimn td) 
+2?-*n(n — 1)(n?—n— GE 


(128) Ey» = 2°-™n(n =. Yo r— n— 6g a 2-6/4? 2\in?— g)Ginuaya 
— 2? ™n(n — 1)(n? + n — GED 48 4 QP-p(n + BEIM 8-8 
+ 2?-In(n — B)Eimnt 9942, 


Next, consider H,_; which satisfies the differential equation 


(9—jn(n+5))(9—4n(r—5)) H, = Us, 
where 


Uy 2= B+ Mn+ 1H, 2+ wae 5s ae 
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When — is even, 


U,-s= 2” %\n—1)n(n—38)(n + 2)(n?—n—8)\(n?— n— 10)E"--6 
+ 2?-%(n — 1)n(n — 8)(8n + 2)(nt + 2n® — 21 n?— 42n + GO)EIM—V-2 
+ 2? n(n + Ln + 3)(8n— 2)(nt —2n® — 21? + 42n + GOED) +2 
+ 2-n(n + 1n-+3\n—2)(n? +n —BYin2-+ n— LO}sImH—+6 
— 2?-™(n + 8)(n + 4)(n— 1)(n? + Bn — GEM 9-4 
ace 2P-6n2(n4 — 19n?2 -f QQ )Einints) 
— 2? ™r(n— 3)(n— 4) + 1)(n? — Bn — GEM 9) +4, 


A. particular integral may easily be found. The complementary 
n—1 


2 


function is /;¢""", where /3 is a function of n. Hence we get, 
being even, 


(129) H..= [gre 

— 2? 3 n(n — 1)(n? —n— 8)(n? —n— 10)Einr—-6 
— 2? Pn — 3)(nt + 2n®— 21 n?—42n+ GOVE 
— 2? Prin + 3)(nt— 2n — 21 n? + 42 + GOED +2 

| = 2P M3 + 1)? +n —8)(n? + n— 10)E MD +6 
+2 n(n + B)(n? + Bn — GEM 99-4 
+ 2? Sint — 19? + YB)EIn+® 
+ 2? n(n — 3)(n? — 3n — BEI 944, 


(130) Ey s= 2” n(n—3)(n?—38n—6)E"-5 
+ 2?-8 nr! —19n?+ 98)ge—-)2 
+2” n(n + 3)(n? + Bn — B)E9)48 
— 2P M3 n(n + 1)\(n? + n— 8)(n? +n — LOVE D-7 
— 2 n(n + 3)(n! — 2n®— 21 n? + 42n + GO)EMntD-s 


RARE 


— 2? Pn(n—3)(nt + 2n®— 21n? —42n + OEM OF THE 
— 2? 3 n(n — 1)(n? —n —8\in? — n— 1O)EMtY+5 UNIVERSITY 
af: ent A, ALIFOR 


When ae is odd, we get, by writing —w instead of n in (129), 
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(131) Hy, »= 2° °n(n—8)(n?—3n—6)E4 
+ 2?-%(nt— 19n2-+ 98) 
4-2? n(n + 3)(n? + Bn — 6G 944 
— 2-3 n(n + 1)(n?+n—8\(n? + n— 10)Ent D4 
— 2? n(n + 38)(nt— 2n® + 21n? + 42n+ GO)EIeH* 
— 2 n(n — 8)(n + 2n®— 21 n? —42n + BOE dt? 
—2?-3 n(n — 1)(n?—n—8)(n?—n— 10)Einn +6 
+/ om n+5) 


and thence, by virtue of (111), 


dl 32) E, — r ye inns) 
+ 2?-3-n(n — 1)? —n — 8Y(n?—n — 10)E 7 
+ 2? n(n — 3)(nt + 2n®—21n? —42n + 60) 
+2? n(n + 3)(n* —2Qn* + 21n? + 42n+ GO) 
+ 2? -3—Un(n + 1)(n?+n—8)(n? + n— LOE +8 
— 2? n(n + 8)(n?+ 3n—6)Er 9) 
ae 2?-8. nt —19n? + QB)Etn(n+9)4 
— 2? n(n — 3)(n? — 3n— 6) mnt) +8, 


n’—9 
Equating the coefficients of g * on the two sides of (118), we 


obtain 
n+3 n—3 n+2 n—2 n+2 n—2 n+2 n—2 
Bans Mans —3 + Boas = Fons —2 “5 Bigs Ha, 4 =s + Bye ge gy» 


=(-0)(28,E,, +B, By, :) 
—4(1+60( 2H, Hy, 9+ Hy, Hy, 1) + 8H, Hy, 
When — is even, the lowest power of € in the above equation is 


gv Equating the coefficients of this power of € on the two sides, . 


n+2 
we get /,2"-2= 27l™"—*) whence 
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nt+2 gts m— 1 


or, writing n in place of n+ 2, 


n n®—l fest 
P= Oe = 0), ae odd, 


. n 
In like manner, we may shew that /; has the same value in the case 


n—1. 
where —z~ Is even. Thus, whether » be odd or even, 


(133) TP, = 229-9), 


In determining H,-,, every time 84+1 is of the form r’, where r 
denotes an integer, there comes in the term i wet, Indeed all the 
terms of H and EH may readily be expressed in terms of /: On the 
other hand, /; may be determined by means of (118), as has been 
actually done in the cases y=1, 3; but when y is a large number, 


this becomes very laborious. Now in the series 
Ly, I, ls, Ty, Io; Vhs, In, aie P Re , 
je = 2% Fy = i ke ats DXa-*) 


so that most probably /;, = 2%"; but I have not thus far succeeded 
in proving this generally. 
For a given particular value of n, the constants /° may be 


determined in a different manner. For example, take the case n=9. 
Sin 9a = a(9—1202?4+43224—57 62° + 2562). 


n n n n 
Again E,-. contains the term /,6"""?7 and H,-» the term /,,¢""™, 
; ; ; ] 
If we put k=0, « becomes infinite but in the same manner as a 
. a ~ 
Thus sin 92 contains the term /;2°, whence follows /, = 256, 


Obviously Poet. 
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The elliptic functions of nu for n = 2, 3, 4, 5, 6, 7, 8 have been 

calculated by Baehr and others* by the primitive method of succes- 
sively applying the addition-equation. Having found the values 
of * sn 9u may be calculated by the above method without much 
difficulty. 


§ 16. 


As regards snnu, n being odd, the analysis contained in the 
preceding section, whereby the variables are taken to be ./k snu and 4, 
leaves nothing to be desired ; yet for the other functions, this is not 
the case, and it is better to have as the variables snuw and k. For the 
sake of uniformity, therefore, we shall once more investigate sn nu, but 
this time consider it as a function of sn u and k. 


Changing the variable from ¢ to x, equation (98) takes the form 


(134) {11+ Bet Ret} TE (nt 1) Dr — on — 1p 


+ 2n72k(1 — mo +n7(n?— lk’? V=0, 


and the equation is satisfied by the numerators and denominator of 
— iF 7 
Ak sn nu, Fp CUM, er dn nu. 


The numerator of sn nu, that is, «A(a*), satisfies the differential 


equation 


* See the paper of Baehr already referred to, and Proceedings of the Royal Society of 
London, Vol. XX XIII (1882) pp. 480-489. 
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(135) {1—(14+ ya? + hr} oar {( (2n?— 1)k? — 1)a —2(n? — 1) kx} is 
; 9 d V 2 9.9 r 
+ 2n2k(1 — k? Tk + {w(n? — 1)k*a? + n*(1—k*)} V = 0. 


We may suppose the numerator of sn nu to be arranged according 


to the powers of kh? and write 


(136) rA(z?) = S Pah 
Then, denoting the operator ne by #, we have 

Cg es 3 EAE aoe ‘ 
(137) az + (n*(4m + 1) — 0?) Po, =( (4 — 3)n? — 2? +P) P59 


— #(n? — J)(n? —1— 0) Pom « 
For m=0, we have 


&P, 
dx” 


+ (n?— 0") P, = 0, 
and, if we put 


P, = va 9. grt), 
r=0 
then 


8, Qr+ 127 = —f,_,(n?—(2r—1)%). 


2— ])\(n?—9)...(n? —(2r— 1) 
n(n*— 1\(n?—9)...(n?—(2r—1)) , thus we 


And, since 2 =, 2, = (—1y¥ 


(2r +1)! 3 
obtain the well-known series 
nn?—1)(n?—9)...(n?-= (27-1) 
(138) P, = D(-1) are i. ee) sit. 


For m=1, we have 
@P, bn? — 8) P,=(n?— Ind + PP, + 2Xn?— IVn2—1—9 
Gye tnt )P=(n?— 2nd + P)P, + 2%(n?— In2?—1—)P,. 


Since the lowest power of x in P, is 3, we write 
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(139) P= Dife gare 
then 
21(2r-+ 1), + (Sn? —(27?— 1) ) 7-4 


=(n? — 2n*(2r — 1) + (2r — 1))3,_,—(n? — 27 + 8)(n? —2r + 2)f,_» . 


We find 
‘2 as 2 1\n?— 
ue — ) we sie )oan?—3), i= a ~~ )33n?—5), 
Generally, 


Qr(2r + ly, + (5n? — (27 — 1), 
(47° — 107+ 5)nt 


n(n?— 1). ..(n?—(2r—5)*) 


sa a Se (Qr—1)! 


—(127°—30r+ 16)n? - 


+ (2r—3)(2r—1) 

| —r(rn?—@r—1)) (8 —2r—B)) 
= (yt RP | + (Gn? —@r— 19) (r= 1) 
((r—1)n?—(2r—3)) 


n(n®— 1)... .(n? —(2r—5)*) (n? —(2Qr — 3)) 


=(=ly (2r—1)! 


nrn?—(2r—1)) 


, un? —1).. (n? —(2r—5)?) 


+ (5n?—(2r--1)*\(— 1y- Qr—1)! 


(r—1) 


((r—1)n?—(2r—3)), 
or, 


2 ea 
2r(2r+ 1) [7.- (—ly we Nee D Nes 3y) r(rn? —(2r — 1) | 


?— 1). ..(n?—(2r—5 
= Grr) [ 7. yr) 


((r—Int—@r—3)) ] 
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whence follows 


n(n? — 1)(n?—9). . .(n? —(2r — 3) 


r+)! r(rn?—(2r—1)). 


(140) 7 =(—)) 


For m=2, we have 


iP, 


ora + (9n?— 8") P= (Sn? — 2? + 0) Po— a(n? —0)(n? —3-—1)P,. 


Since the lowest power of x in P, is 5, we write 


(141) ee > 0, ct 


r=2 
then, 2727+ 1)0,+ (9n?—(2r—1))0, 1 
=( tag 1 n(4r—7) ) 7, .— (0? — 2r + 3)(n?—2r+ 2) 7,-9, 
whence we find 


n(n2— 1)(n?—9) 


de ape 5 ! ? 
oe _ (nn? an 9) 3(3n?—5), 
(142) 
.=— mi) ent + 85n'—67 In? + 945) , 
2 \ 
co a 29247 n' + 325n'— 13757? + 23625). 


Thus the general law is not obvious as in the case of 7, and it seems 
to be impracticable to proceed further in this way. 
Reverting to the formule 


m=2p m=2p 
nore 2 Seas 
a=) Ay oD > Dy, 2™, 
m=0 m=0 


since, by virtue of (109), 


wt ee 
Am = (—1)? Dyan —™, Day = (—1) ? Ayan -™, 
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we need only determine either A or D. Let us take- D and apply 
(134), We obtain D,=1, D,=0, D,=(—1)? nk”, and, generally, 


dk 
+ {(n?—2m-+ 1)(n?—2m + 2)} k*D,,, 2=0. 


(143) (2m+1)(2Qm+ 2)Don42+ 4m {(n?—m)k?—m | Dy, + 272k — 


When m=p, 
(144) Den=Dam.o (1-412) Dom, 2+")... + Damo I) 4... , 


the last term being Donn Kk" or Dom, mk" +k") according as m is 
even or odd. Substituting this in (143), we obtain 


(2m-+ 1)(2m+ 2){ Domse,o (1 + 1°"**) + Domes, 9 VP +- K"-*) +... 
+ Dam+2, 2» (K+ 12"-?* ) +... } 
+ 4m (n?—m) {Dano (P+ 1") + Domo (A+) +... 
+ Day, xp (KP 42+ I" 4) 4 
— 4m? —{ Dan (1) Do, 9 HE) +. + Dey, 9 (K+ 12") + 
+ 2n° { Damn, A 2K) + Day, 9 (2K + (2m — 2)kA"-*) +... 
+ Dan, op (2rk™ + (2m—2r)h™*") +... 
-- Qn? { Dan, o + 2mk2"**) + Don, 9 (2h4 + (2m —2)k™) +... 
+ Dam, (2rk*"*? + (2m— rk" -**?) +... } 
+ (n?— 2m + 1)(n?—2m + 2){ Dons, 9 FP + 1") + Dans, 9 (K+ 1") +... 
+ Day—2, 9 (h"*? + h2"-*) +... } 
= 0. 


Hence 


(2+ 1)(2m+2)Domse0= 4M Dono, Dono = 9, 

(2m + 1)(2m + 2)Donso.9 = —4(n?—m*)Doy» 

(2m + 1)(2m+ 2)Don+2,5 = —4{(m—1)n?—m?} Dey, —4(2n?—m) Dom, 4 5 
—(n?—2m+ 1)(n?—2m+ 2)Dy,,-2,9 ; 

(2m+ 1)(2m + 2)Damn4o,6 = —41(m—2)n?—m?} Don, , —4(38n? — Mm) Dong» 
—(n?—2m + 1)(n?—2m + 2)Don_o.4 
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and, generally, 


(145) (2m-+1)2m+2)Don+9, 9 = —4{(m—r-+ ln?—m?} Don. o-—9 
— 4? —m?) Dom, 29 — (0? — 2m + 1)? — 2 + 2)Don—v, 2-3 5 


the last coefficient being given by 


m+1 
2 


— (n? — 2m + 1)(n?— 2m + 2)Don—2, m-1 » 


(2+ 1)(2m + 2)Don+2, m1 = -8} n?— mt Day, ml 


or 


(2m + 1\(2m + 2)Don+s, Sas 2 {(m = 2)n? > 2m?} Dem, m—2 


—4 nt —m? Dan, m —(n?— 2m + 1)(n? —2m + 2)D 


2m—2, m—2 9 


according as m is odd or even. 


By means of (145), we find 


(146) 
+ 
D,=1, D,=0, D,= —™ Yor, 
+ ie em 
De n(n He Days +1), 
2/472 _ | ees 
Dy = — ER D4 3 (n—9\*-+ I) + (17m? — 69), 
Qian? + Vaan on 
ie ee ie Ahn 9) 59 4en?-16)(K2 + 18) +15 (0?) + 9}, 
PS eee i ee ee 
Dy — Ng  6.4(n?— 16 (0? — 25) 12 + 
+8(n?— 16)(47n?— 185)\k* + K*)-+ 15(45n'—569n? + 1544)K4}, 
Te Lae = 
Piss we Ln? A\(n' Neo {64(n?— 16)(n? —25)(n?— 36k? + i?) 


14! 
+ 16(n?— 16)(34n' — 982n? + 3300)(k!+ #2) 


+ (1549n° — 43925! + 357196n?— 815040) k5+ k,)}. 
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Again equation (143) may be written in the form 


(147) (Qm-+-2)(Qem + 3)K2D yy on ot 22K — Bye 
+ (n?—2m—1){(n? + 2m+ 1)k?—(n?—2m—1)} Dom 
+ (n?—2m)(n?—2m + 1)D yp -om4a = 0- 


Now, m being less than p, 


(148) Dyjoei = Depiam, 29—s0 PO +) + Dyan, tpn (PO) + 
+ Dyan, 29-2427 (KP + KP) +- sees 


the last term being 


D pan, 27—m heen. Do -enitea rr +t") | 


according as m is even or odd, 
From (147) and (148), we obtain 
(2m + 2)(2m + 3)D4,-on—2, 2p—am—2 + {2?—(2m+ 1)?} Dip om, 2p-2m = 0, 
(2m + 2)(2m + 3)D yy -om—2, 29m + 4 5? —(2m + 1)? } Dy om, 29-2mt2 
+ {(4m+ 1)n?—(2m-+ 1)? | Dyy om, 292m 
+ (n?—Qm)\(n?— 2m + 1)Dyy-2m+2, 2p-2m+2 = 0; 
(2m + 22m + 3)Dyy-2m—2, 29-2m42 + 19? —(2m-+ 1)?} Deyo, 2p-2m+4 
+ {(4m—3)n?—(2m-+ 1)?} Dyp-om, 29-242 
+ (n?—2m)(n?—2m + 1)D gy -om+2, 2p-am4a = 0, 


generally, 


(149) (2m+2)(2m+3)D 4p -2n—2, 2p-2m+2r—2 
+ {(4r+ 1)n?—(2m-+ 1)?} Day om, 292m +-2r 
+ {(4m—4r+ 5)n?—(2m+ 1? } Diya, 2p-2m+9r—2 


+ (n?—2m)(n?—2m + 1)Dy2m+42, 2p-2m+2r = 0, 
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and, lastly, 


(2m + 2)(2m 2 3)D p-2m—2, ep—m—3t (2m a 1)(n?— 2m < BD ioc. 2p—m 
+ {(2m + 5yn?—(2m + 1)?} Dy om, 2p —m—2 
+ (n?—2m)(n?—2m + LD 4, om+9, »—m = 9, 


or 


(2m + 2)(2m + 3)D 4p -2m—2, 2p—m—1 + 2 {(2m + 3)n?—(2m + 1)?} Dy om, 2p—m—1 


+ (n?—2m)(n?— 2m + I) Dy om42, 2pm = 9; 


according as m is even or odd. 


From the above equations, we find 


(150) 


= n(n? — 1)(n? 


| Dyn = (—1) 13! —)yg0-18 {(n? —25)(n? — 49)(n?—81)(n?— 121)(1 + &) 


+ 6(n?—25)(n? — 49)(n?— 81)(6n?— 11)(k? + h”) 
— 3(1927n§— 33068n°— 962n4 
+ 1033308n?—-1819125)(k4 + £°) 
— 4(3046n'— 38037n° + 82799n4 
+ 708647n?— 1299375)K*} , 


n—l 2_] 2_9 
Diy—15 = —(—1) 2 n(n , ar ) j2v—10 


{(n? —25)(n?— 49)(n?—81)(1+ k”) 
+ 5(n? —25)(n?—49\(5n?—9)(k? + ke’) 
-- 2(247n° + 325nt—13757n? + 23625) kt + k°)}, 


n—1 ae : 
D = hee k??~* | (n? —9)(n? — 25)(n? — 49)(1 + k°) 
+4(n?—9)n?— 25) 4n?—7)(k? + k°) 
6 (n+ 85nt—671n? + 945)i4}, 
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db,  2ceye 9) 720-6 (m2 25)(1 + 14) + 3(8n?— 5K I-44), 


2) n(n? —1\(n?— 
7! 


n—l pas 
Dy+= (—-l)? ae vee (n?— 9)(1 + k*)+ 2(2n?—3)k*}, 


n—l 2_ 
Dy» = ~(- 7 1) 720-41 + 12), 


n—1 


Dy = (—l) ink. 


The first five coefficients were given by Jacobi himself. The first 
and the last six coefficients of all the four functions have been found 
by Baehr by a different method, 


§ 17. 


Let us now consider the rational integral functions of 2’, B, C 
which enter into the numerators of ennu and dnau, n being odd. 


From the well-known relations 


(sly) Behe O(a i) ka”, CO(a,k)=B ‘= i) 2? oo, 


(152) B(ke, 7) = C@, b, 0 (ix, +) = B(x, b, 
we deduce 

(153) B (ke, =) =B(z. i) ie 2, 

whence 


(154) By_on(k) = Bom (z) i, B,(k) = By-»(z) Ko, 


MULTIPLICATION OF ELLIPTIC FUNCTIONS. 69 


Hence, if we put 


m=2p 
B=) Boba, 


m= 


then 


so that we need only determine B,,, and this only for the initial 
values of m in view of (154). | 

Now (134) may easily be modified in such a manner that the 
resulting equation is satisfied by B. We find 


(155) {1-4 Wat + Bat} SF { (On?) 3] 2—2¢n— 2h} B 


+ 2nr7k(1— wn +(n?—1){1+(n?—2)k*2?} B=0, 
whence follows 
(156) (2m+1)2m+2)Bonyo+{ [n?—Qm+ 1)*] + 4m(n?—m)k*3B,,, 
2, 2 2 ABom 2 2 2 
+ 2n?k(1 — ha + (n? —2m)(n? — 2m + 1)k?B,,, » = 0. 
Further we find, for m <p, 


(2m + 1)2m+2)Boni0,0 + {r?—(2m+1)}3Boa,o = 0, 
Begg = 0, n—1 <= 2m S 2p, 
(2m + 1)2m+ 2)Bonso,9 + {5n?—(2m+1)?} Bon, » 
+ 4m(n?—m) Bom + (0? —2m)(n?—2m + I) Bon» 9 = 0, 
(2m + 1)2m+2)Bomso,4 + {9n?—(Qm+ 1/3 Be, 4 
+4{(m—1)n?—m?} Bon, 9 +(n? —2m)(n?—2mM + 1)Bon-o 2 = 0, 


generally, . 
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(175) (2m-+1)(2m+2)Bom 2% + {(4r + 1)n?—(2m+ 1)} Ban, o 
+4f(m —r+ ln*?—m"} Bon, 2 
+ (n?—2m)\(n?— 2m + 1B», 7-2 = 0; 
and, lastly, 
{(4m + 1)n?—(2m+ 1)} Bon, om + (n®— QmYn?— 2m + 1)Bon—», om—2 = 0; 
Bua, = 9, m ae ‘ 


By means of the above equations, we find 


(158) 
2_] 
B, =1, B,= —"5 ’ 
B n—l ys 2 
_= a {(n?—9) + 2n?k*}, 
B, =- ss l {(n? —9)(n? — 25) + 6n*(n? —9)k* + 8n*(n? —4)K*}, 
B, = as : {(n?— 9Xn?—25)(n?— 49) + 12n*(n?—9)(n? — 25) k? 
+ An%(n?—4)15n?—107)k4+ 32n%n®—4)(n?—9)I}, 
By = — PDO §nt_95)(n?—49)(n? B81) + 20m? —25\n?— 49)? 
+ 12n?(n?—4)(29n? —329)k4+ 32n*(n?—4)(14n?—89)k* 
+ 128n*(n? —4)(n?— 16)k*}, 
Bia eS a ) §(n?—25)(n?—49\n?—81\n?— 121) 


+ 30n*(n?—25\n?—49)\(n?—81) 

+ 4n*(593n8— 17082n* + 179517n? —482708)k* 
+ 8n{n?—4)(575n*— 101112? + 44276)K* 

+ 192n*(n?—4n?— 16)(15n?—89)k* 

+ 512n*(n?—4)(n?— 16)n? —25)k}. 
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§ 18. 


Consider next the case where x is even. To begin with, take 
snnu. Here D is exactly of the same form as in the case where n is 
odd, so that we may restrict ourselves to the consideration of A alone. 


Now A is of the degree n’—4=4p say, and 


(159) A (a,k) =(-1I)? (4, ) 12> ao, 
and, therefore,’ 
(160) Awm =(—-1)? Av, k-™, 


m=2p 


In consequence of (104) and (134), A= Sy A,,, x" satisfies the 


m=0 


differential equation 


(161) fa— (1+ Bat-+ Hat} 4+ (24 (On? —5)k— 5] a? Int aya} A 
+2n7k(1— ie i+ (n?—4) {(1+ #*)a + (n?—3)k*2*} A =0, 

whence follows, 

(162) (2m+2)(2m+3)A onset {n?—4(m+ 1)? + [dm+ Lyn? — 4+ 1°] H*} Aan, 


+ An?k(1 — ae 4 Im 2)\(n?—-2m— 1) kA gn» = 0. 


By virtue of (160), we need only determine the first half of the 
coefficients A,,. Again, A,, is of the form 


Aon = Agm, (Lh) + Aan, 9 (K+ h") +... + Aon, op (KE)... , 


the last term being Agni k" or Asn, ma(k™ +k"), according as m is 
even or odd. Substituting this in (162), we get 
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(2m + 2)(2m + 3)Aom+2,0+ {0?—4(m+ 1P} Aono = 0, 


pare n(n? — 4)(n?— 16)... .(n? — 4m?) 


(2m-+ 2)(2m+ 3)Aoms2,2 + {5n?—4(m-+ 1?}Aan,s 
: + {(4m+ Iyn?§—4(m+ 1} Aen o 
+ (n? —2m—2)(n?— 2m — 1)A gm 2,0 = 0, 
(2m + 2) 2m + 3)A omso.4 +419? —A4(m+ 1)? } Aon, 
+ {(4m—3)n?—4(m+ 1)’} Aon,» 
+ (n? —2m—2)(n?—2m—1)Aon22 = 0, 
(2m + 2)(2m + 3)Aom+2,6 + 4{13n?—4(m+ 1)*} Aan, 6 
+ {(4m—7)n?—4(m+ 1)? } Aan 
+ (n?—2m—2)(n?—2mM— l)A mms, = 9, 
generally, 
(163) (2m +2)2m+3)Aanso, +4 (47+ Yn?—4(m+ 1)?} Aon, 
+ {(4m—4r + 5)n?—4(m-+ 1)*} Aom, 2-2 
+ (n?-—2m —2)(n? —2m— 1)A an», 9-2 = 0, 
and, lastly, 
(2m + 2)(2m + 3)A oma, mer + 242m + 3)n?—4(m+ 1)"} Aon, ma 
+(n? — 2m — 2)(n? — 2 — 1) Aon. ma = 0, 
or 
(2m + 2X2m+ 3)Aons2,m +4 (2m+ Lyn?—4(m + 1)?} Aon mn 
+ {(Qm-+5)n?—4(m+ 1?} bom, m2 


+ (n? — 2m — 2)(n?—2m — 1)A on», m—2 = 0, 


according as m is odd or even. 
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By means of the above equations, we find 


(164) 
4= # 4,2 —-“ am, 
> Aaa 
i ne) {(n? 161 + Ht) +220? —T)R4}, 
minm?— Y aeeeay Wi é 
es Na 16) 2 36)(1 +) + 33n?— 104 + HY}, 
+ res 
ye —— {(n?—16)(n? —36) [(n®? —64)(1 + h*) + 4(4n?— 13)? + 14)] 
—6(n' + 196n'—21 14n? + 4752)h'4}, 
n(n? —4) 9 a? ae ee y le x2 Tey L2 
Ay = — IL! { (n?— 16)(n? — 36 (n?-64) [(n?-L00)(1 + 2") + 5(5n?-16)(K? + A°)| 
~ 2(247n®—882n® —72102n! + 661112n2— 1368000) A4+ £9}, 
A nln—4) +2 16)(n?—36)(n?—64)in?— 100)(n?— 144)(1 + 2 
p= ia {(n?— 16)(n? — 36)(n? —64)(n? — LOO)(n?— 144)(1+ £”) 


+ 6(n? — 16%? — 36Xn?— 64Y.n? — LOO 6n? — 19)? + Bk) 
+(—5781 n° + 170472n' —490140n' —22744752n4 
+ 19398681 6n? — 383754240)(A* + k*) 
+ 4(—3046n” + 75579n§— 260532n°— 590155424 
+ 48907368n?—93493440)k*}. 


§ 19. 


Lastly we consider the numerators of cn nu and dn nu, n being 


even. In this case, put n’ = 4p. 


As in the case where n is odd, C,,(k) = Boa GO by (106), so 
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that we may here also restrict ourselyes to the consideration of B. 


Moreover, since in this case 


1 7 
(165) B(,k) =B (C= i) J2” x”, 
it follows, 
(166) By om = Boy, K?-™, 


and we need only determine the first half of the coefficients B,,,. 


Now B satisfies the differential equation 


(167) {1—(.+ Rat Bat} TB 4 (Qn?) 1 2—2(0t— yaa} B 


+ 2ntk(L— WE + {nny at+-n} B= 0, 


whence we deduce 
(168) (Qm+ 1)2m+2)Bon sot { (n?—4m?*)+ 4m(n?—m)k?} Bon 


+2n?k(1— pom 


+(n?—2m-+ 1\(n?—2m+2)K*B,,, 2 = 0 : 
Substituting 

Bon = Bono + Bon,: B+.» + Bom, op B+ --. + Bon, om ™, 
m SP, 


in (168), we get 
(2m + 1X 2m+ 2)Bomis,o +(W?—4m) Bon o = 0, 
Boao = 9; n <= 2m = 2p, 
(2m + 1) 2m+2)Banso,o +(5n?—4m) Bom, 9 


+ 4m(n?—m)Bon,o + (nr? —2m-+ 1)(n?-2m + 2)Ban_s,0 = 9; 
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(2m + 1)(2m+ 2)Bonso, 4 +(9n?—4m) By, 4 
+4{(m—1)n?—m?} By,» +(n?—2m-+ 1(n?—-2m+ 2)Bom—2.2 = 0, 
generally, 


: (169) (2m + 1)(2m + 2)Bon+s, + {(4r +1 yn? — 4m*} Bom, 2r 
+4§(m—r+ ln?—m Bon o-2 
+ (n?— 2m + 1)(n? — 2m + 2)Bon». 7-2 = 0, 


and, lastly, 


(200 + 1)(220 + 2)Bomso,om+9 + {(4m+ Lyn? 47} Bon, om 
+(n?—2m + 1)(n?—2m + 2)Bono om» = 0, 


By means of the above equations, we find 


(170) 
2 
B, =1, By=— 3; 
n* 2 2 2 
os a {(n? — 4) + 2(n?—1)k*}, 
2 
Bore ae *) (a? —16) +6? — 12+ 808k}, 
ae ae 
B; {(n?— 16)(n? — 36) + 12(n?— 1)n?— 16)4?2 + 
+ 4(n?—1)(15n?— 51)k + 382(n?—1)(n?— 9) kK}, 
ni(n? — 4) 2 “ie 2 2 
By = — For { (n? — 16)(n? — 36)(n? — 64) + 20(n?— 1)'n? — 16 (n?— 36)k 


+ 12(n?— 1)(n?—9)(29n? — 104) kA 
+ 64(n?— 1)(n? —9)(7n? — 22)k® 
+ 128(n?— 1)(n? — 9)(n?— 16)k*}, 


+ 30(n?— ‘ye ioe Ser eave | 5 
+4? — 1)693n'— 143054 11 39720? 257760) 


+ 40(n? —1)(n? —9\115n4— 1283n? + 2968)k* 
+ 2880(n?— 1)(n?—9)(n? — 16)(n? —3)k* 
+ 512(n?—-1)n? —9)(n?— 16)(n? —25)k”}. 
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